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The propagation of waves in plate-like structures has been the
subject of a number of studies. Starting from the paper by Lamb
(1917), a lot of effort has been devoted to the analytical, semi-
analytical, and numerical prediction of dispersion curves and wave
modes in plates and shells. Understanding of guided wave propa-
gation in such structures is fundamental in a number of applica-
tions, e.g. shock response, structure-born sound, acoustic
emission etc. In particular, theoretical knowledge of dispersive
behaviour up to high frequency is of importance in structural
health monitoring (SHM) and non-destructive testing (NDT). As
an example long-range and short range ultrasonic guided waves
are well established techniques for SHM and material characterisa-
tion, e.g. Chimenti (1997); Wilcox et al. (1997). Wave propagation
characteristics play also an important role in medical ultrasonic
techniques, e.g. Konofagou et al. (2001). Understanding of the
behaviour of propagating waves is thus of direct relevance for bet-
ter implementation of these techniques.
The wave behaviour can be very rich, in particular at high
frequencies, and complicating effects such as ﬂuid-loading, e.g.
Überall et al. (1994); Maze et al. (1999), and material damping,
e.g. Chan and Cawley (1998), can change the dispersive scenario
and attenuate the wave signal, resulting in incorrect predictions
if the dissipation and/or sound emission is not taken into account
in the model. In particular, appreciable material damping is typical
for many materials and structures, such as metallic panels treatedll rights reserved.
anconi).with viscoelastic layers or sandwich panels. The effects of material
dissipation on wave behaviour only relatively recently have re-
ceived attention. The inﬂuence of material attenuation on Lamb
wave dispersion behaviour was investigated analytically in Chan
and Cawley (1998). In this paper it was shown that when the de-
gree of material attenuation is increased, dispersion curves pre-
senting the real parts of wavenumbers for different modes of the
same symmetry can cross instead of veering, which is the typical
dispersive behaviour for a plate with no material losses. Here we
refer to veering when, under certain coupling conditions, two or
more dispersion curves, or curves describing the eigenvalue loci
against a parameter of the system, veer away and diverge instead
of crossing. The veering is accompanied by coupling between
modes and rapid variations in the eigenvectors, e.g. Mace and Man-
coni (2012).
In Bernard et al. (2001) a prediction of energy velocity of atten-
uated guided waves in plates, together with an experimental vali-
dation of some results, was given. Simonetti and Cawley (2004)
studied shear horizontal wave propagation in elastic plates coated
with viscoelastic materials showing the same scenario: dispersion
curves for the real parts of complex wavenumbers can cross in-
stead of veering if the material attenuation is high enough. Lamb
waves in viscoelastic plates were later investigated in Simonetti
and Lowe (2005). In this paper it was shown that non-propagation
branches, viz. purely imaginary branches, do not exist in absorbing
waveguides and thus, in this case, the topology of the dispersion
curves can only be studied considering both the real and imaginary
parts of the wavenumber. Bartoli et al. (2006) used a semi-analyt-
ical ﬁnite element (SAFE) method for modelling wave propagation
in viscoelastic plates and evaluating energy velocity and waves
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etic and a Kelvin–Voigt viscoelastic model of an orthotropic plate
were also presented and it was also shown that the type of a visco-
elastic model has little effect on the phase and energy velocity. In
Taupin et al. (2011) the same method was used for studying elastic
guided waves in composite viscoelastic plates of different stacking
sequences, while in Manconi and Mace (2010) a wave ﬁnite ele-
ment (WFE) method was applied for predicting wave dispersion,
wave attenuation, and loss factor in viscoelastic laminated panels.
Recently, in Manconi et al. (2013), the WFE post-processing tech-
nique was applied to predict the effects of pre-stress on the damp-
ing of curved panels.
As follows from this literature survey, generalisation of the clas-
sical Rayleigh–Lamb problem to wave propagation analysis in a
visco-elastic layer has been explored in the recent years. A variety
of methods has been used and comparison of their advantages and
disadvantages lies beyond the scope of our paper. Our aim is,
rather, to present a study on quantitative prediction and under-
standing of wave propagation characteristics in damped plates,
which have been reported in the abovementioned references. More
speciﬁcally, we are interested in location of dispersion curves in
the cut-off and veering zones. To accomplish this task, the paper
is structured as follows. We begin with solving the classical
Rayleigh–Lamb problem for an isotropic viscoelastic plate in plane
strain to show the behaviour of complex-valued wavenumbers in
those zones. Then we address a much simpler problem of wave
propagation in two waveguides coupled via dissipative elements.
This illustrative example (similar to one presented in Mace and
Manconi (2012)) is given to explain and interpret general features
of behaviour of spatially damped wave modes in viscoelastic
plates. In particular, the difference between the veering/mode
repulsion scenarios with and without damping is investigated.
Based on the analysis of solutions of both considered problems,
the physical and quantitative investigation of the veering and
mode-coupling phenomena is given.2. Wave propagation in damped plates
Solving the dispersion relation involves two cases:
(a) the real-valued wavenumber and its direction are given and
the (complex) frequencies are to be found, that is space-har-
monic initial conditions are applied, spatial decay is prevented,
and transient vibrations with decaying amplitudes are
generated;(b) the real-valued frequency is given and the (complex) wave-
numbers are to be found, that is the time-harmonic excitation is
considered (time decay is prevented) but spatially attenuating
waves are generated.
Thus, according to (a) or (b) waves are attenuated either in time
or in space, respectively. In this work, case (b) is considered, that is
spatially damped time-harmonic waves are assumed throughout
the paper. In particular, for this type of waves, we are concerned
with the cut-off and the veering phenomena.
As soon as material losses are accounted for, all wavenumbers
become complex-valued. Therefore, the concept of cut-off
frequency needs a revision in this context. In a waveguide without
damping, the cut-off frequency for a given branch of the dispersion
diagram is found from the condition that the imaginary part Im(k)
(k is the wavenumber) vanishes, which can occur either when
Re(k) = 0 or when Re(k)– 0, where k is the wavenumber. In the
3D space (X, Re(k), Im(k)), this corresponds to the sharp turn of
the branch onto the Im(k) = 0 plane. The presence of dampinginvalidates this simple deﬁnition. In what follows, we identify a
cut-off frequency range as the frequency range at which the imag-
inary part of a wavenumber becomes sufﬁciently small and, more
importantly, its decay rate diminishes and becomes to be ‘‘con-
trolled’’ only by the damping coefﬁcient. For small amounts of
damping, the cut-off frequency range is centred at the cut-off fre-
quency for a waveguide without material losses. Veering/mode
repulsion is also strongly affected by the presence of material
losses. Speciﬁcally, in the absence of damping, the veering of prop-
agating waves occurs in the Im(k) = 0 plane, whereas in a plate
with material losses dispersion curves can avoid intersection in a
different manner, as illustrated in this paper.
2.1. Modelling of material losses: complex-valued velocity and
material properties
Modelling material dissipation is a crucial issue and it has
been discussed in many studies, e.g. Jones (2001). In modelling
the energy dissipation due to viscosity of the material of a wave-
guide, we adopt the methodology outlined in Rayleigh (1945), vol.
II, p. 315, for the linear time-harmonic acoustic waves. We use
the complex-valued velocities c1 ¼ c1r þ ic1i and c2 ¼ c2r þ ic2i
instead of the pure real-valued velocities of dilatation and shear
waves. The Young’s modulus and Poisson’s ratio can thus be
obtained as
E ¼ qc
2
2 3c
2
1  4c22
 
c21  c22
  ; m ¼ c21  2c22 
2 c21  c22
  ; ð1Þ
resulting in complex components of the material’s stiffness matrix.
In Eq. (1) q is the material density.
From the physical point of view, such a description of viscosity
in elasto-dynamics is similar to the Newtonian modelling of vis-
cous ﬂuid with the second viscosity (see, for example Landau and
Lifshitz (1984)) being not neglected. These viscosities may be con-
stant or proportional to the frequency and temperature according
to the type of damping the analyst is considering.
In what follows the viscoelastic model is used under the
assumption that the complex-valued velocities of dilatation and
shear waves are frequency independent. Although this is an idea-
lised model, it allows a reasonable and quite general representa-
tion of properties of many dissipative materials.
3. The Rayleigh–Lamb problem
The theory for Rayleigh–Lamb waves, brieﬂy summarised be-
low, can be found in a number of classical textbook, e.g. Achenbach
(1973). We consider stationary time-harmonic free waves in an
inﬁnitely long straight layer of visco-elastic material with trac-
tion-free boundary conditions in plane strain state. The layer is
in the domain 1 < x < 1 and h < y < h, where h is its thick-
ness. The standard Lamé decomposition of the displacement ﬁeld
u ¼ ðux;uy; oÞT (ux and uy being the longitudinal and transverse dis-
placements) is employed
u ¼ r Uþr izW; ð2Þ
where U and W are scalar potentials, while iz is the unit vector. The
potentials U and W are governed by the Helmholtz equations (c1
and c2 are velocities of dilatation and shear waves, respectively):
r2Uþx
2
c21
U ¼ 0; r2Wþx
2
c22
W ¼ 0: ð3Þ
Due to the symmetry in the boundary conditions at y ¼ h=2, the
symmetric and skew-symmetric modes are considered indepen-
dently from each other, and the dispersion equations are Achenbach
(1973):
Fig. 2. (a) Real valued dispersion curves for the undamped and damped plate; (b)
waves attenuation for the damped plate. Black lines: damped case; red lines:
undamped case. (For interpretation of the references to colour in this ﬁgure legend,
the reader is referred to the web version of this article).
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tanðp=2Þ ¼ 
4k2pq
ðq2  k2Þ2
; ð4Þ
for symmetric modes, and
tanðq=2Þ
tanðp=2Þ ¼ 
ðq2  k2Þ2
4k2pq
ð5Þ
for skew-symmetric modes, where p2 ¼ xhc1
 2
 k2; q2 ¼ xhc2
 2
 k2.
These dispersion equations have been solved using various meth-
ods, e.g. see some of the references listed in the Introduction. In
what follows, we employ the wave ﬁnite element (WFE) method
and validate the results by means of the ﬁnite product (FP) method.
For consistency, a brief description of these methods, although
available in the references Mace and Manconi (2008); Manconi
and Mace (2009, 2010); Chapman and Sorokin (2010) and Sorokin
and Chapman (2011), is presented in Appendix A and Appendix B.
Our aim here is to demonstrate the dissipation-induced phenomena
in the veering and cut-off zones in the dispersion diagrams and to
explore scenarios of behaviour of dispersion curves, rather than to
discuss efﬁciency and novelty of methods developed for solving
the Rayleigh–Lamb problem and similar ones.
3.1. Numerical results and discussion
In this section numerical results are presented for a h ¼ 6 mm
thick viscoelastic isotropic plate. The material considered in this
numerical example is a high performance polyethylene. Material
properties are taken from Bernard et al. (2001). In particular it is as-
sumed that complex wave velocity are: c1 ¼ 2346:6 i99:54 m s1,
c2 ¼ 951 i40:31 m s1. Material density is q ¼ 953 kg m3.
A convergence study was carried out for evaluating dispersion
curves using the WFE method (see Appendix A), and results ob-
tained for different FE discretisation were compared. In this exam-
ple, the WFE model is realised using 150 plane elements (in plane
strain) of the type PLANE42 in Ansys, which are meshed through
the cross sections, see Fig. 1. The size of the ﬁnal WFE model is
302 degrees of freedom, that is the mass and stiffness matrices
are 302 302. Considering the frequency range of interest, the
computational cost is thus extremely small. Since the thickness
of the plate is 6 mm, the length of the element in the x direction
is L ¼ 0:5 mm. The same value is assumed for the thickness of
the element in the y direction.
The real valued dispersion curves, which represent propagating
waves for the undamped plate and the corresponding real parts of
complex wave numbers for the damped plate, are given in
Fig. 2(a), while Fig. 2(b) shows the corresponding wave attenuation
in the damped plate – notice that the imaginary part of wavenum-
bers for propagating waves in an undamped plate is zero. Compar-
ison with the exact solutions obtained using the FP methodFig. 1. FE model of a section of the waveguide.(see Appendix B) has shown excellent agreement – dispersion
curves obtained using the WFE method and the FP method are
indistinguishable – validating the use of this approach up to very
high frequency. In Fig. 2, for the sake of clarity, highly attenuated
waves with large imaginary parts of the wavenumbers are not
shown and only spatially dampedwaveswhich propagate in the ab-
sence of damping are plotted. These can be easily selected consid-
ering waves for which the energy velocity is high enough to
‘‘allow’’ wave propagation over a relatively long distance, Manconi
and Mace (2012).
As discussed in Section 2 and seen in Fig. 2, the dispersion
curves for the undamped and damped panels differ mainly in
terms of cut-off frequencies and veering. These damping-induced
effects have also been reported by other authors, e.g. Simonetti
and Cawley (2004); Simonetti and Lowe (2005); Bartoli et al.
(2006).
The cut-off phenomenon in the complex wavenumber space is
illustrated in Fig. 3. Dispersion curves follow two classical scenar-
ios for cut-off, which in the absence of damping are: (i) dispersion
branches cut-off when Re(k)– 0 but Im(k) = 0; (ii) dispersion
branches cut-off when Re(k) = 0 and Im(k) = 0.
Case (i) for the damped plate is shown in Fig. 3(b), (branch 1 and
2). For the sake of clarity only symmetric wave modes are plotted.
In the ﬁgure negative and positive values of both the real and
imaginary part of wavenumbers are plotted in order to highlight
some important details of interaction between the branches. Sufﬁ-
ciently far from the ‘‘transition zone’’, branch 1 (plate with damp-
ing) is located close to the branch for plate with no damping. In the
Fig. 3. (a) Dispersion curves in the complex wavenumber space; (b) case
(i) – dispersion curves close to a cut-off frequency; (c) case (ii) – dispersion curves
(only symmetric waves) close to a cut-off frequency. Black lines: damped case; red
lines: undamped case. (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article).
Fig. 4. (a) Dispersion curves in a region close to coupling; (b) 3D plot of the complex
dispersion curves in a region close to coupling. Black lines: damped case; red lines:
undamped case. (For interpretation of the references to colour in this ﬁgure legend,
the reader is referred to the web version of this article).
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ﬁrstly two complex branches transform into two pure real
branches (branches 3 and 4). Then these branches sharply become
pure imaginary (branches 5 and 6) and then they transform again
into pure real branches (branches 7 and 8). Due to the presence of
damping these transitions from pure real to pure imaginary wave-
numbers are smoothened, and the damped branches spiral around
each other acquiring different imaginary part of the wavenumber
(branches 1 and 2). As the frequency grows, branch 1 tends to
branch 7.Case (ii) is shown in Fig. 3(c). For the sake of clarity only sym-
metric wave modes are plotted. In the absence of damping, two
complex valued branches (branches 10 and 11) become purely
imaginary. One of them (branch 12) turns to become two pure real
branches (branches 13 and 14) while the other (branch 15) re-
mains in the imaginary plane until it becomes complex acquiring
different signs of the real parts (branches 15 and 16). Again, the
presence of damping smoothen the passage between pure real
and pure imaginary wavenumbers: as the frequency increases
the real and imaginary part of the wavenumber decay up to the
real part reaches a minimum in the vicinity of the cut-off frequency
of the undamped plate, then the real part grows while the imagi-
nary part stabilises. This phenomenon can readily be captured
and quantiﬁed in the solution of a simple model problem consid-
ered in the next section.
In the case of an undamped plate, veering of two branches of
the dispersion curves occurs, as shown in Figs. 2 and 4(a). This phe-
nomenon is associated with an exchange of wavemode shapes be-
tween these two branches, Mace and Manconi (2012). However,
when dissipation is taken into account, curves presenting the fre-
quency dependence of the real parts cross each other instead of
veering, as seen in these ﬁgures. Inspection into spatial location
of dispersion curves in the (X, Re(k), Im(k)) space reveals that veer-
ing still takes place for damped wavemodes, but it occurs in a dif-
ferent manner. This is shown in Fig. 4(b) where dispersion curves
are plotted in the complex space in a region close to the frequency
around which veering occurs. This phenomenon can readily be
captured and quantiﬁed in the solution of a simple model problem
considered in the next section.
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As it has been shown in the previous section, the material losses
change the scenario of veering, which is well known and in the
classical case of a conservative linearly elastic wave guide. Once
the losses are taken into account, the branches of dispersion curves
avoid intersection by acquiring different imaginary parts. By these
means, the real parts of wave numbers are allowed to be identical,
which is impossible for waveguides with no energy dissipation.
The presence of damping also features disappearance of cut-off fre-
quencies, since all waves are attenuated at purely real-valued fre-
quencies, Simonetti and Lowe (2005); Manconi and Mace (2012).
These phenomena may be quantiﬁed and better understood in
the analysis of the wave propagation in a model waveguide similar
to the one considered in Mace and Manconi (2012).
4.1. The model waveguide
The model considered in this section consists of a string (mem-
brane) and a beam (plate) coupled as shown in Fig. 5. This is almost
the simplest model which allows us to illustrate the veering and
cut-off phenomena reported in the previous section.
The string is exposed to tension T, it has a mass per unit length
ms and it rests on a Winkler elastic foundation of stiffness S. The
beam is characterised by its bending stiffness EI and its mass per
unit length mb. The string is coupled with the beam via locally
reacting uniformly distributed dashpot elements with damping
coefﬁcient C. The differential equations of motion of this system
with respect to the displacements wb and ws are:
EI
@4wb
@x4
þmb @
2wb
@t2
þ C @wb
@t
 @ws
@t
 
¼ 0;
 T @
2ws
@x2
þ Sws þms @
2ws
@t2
 C @wb
@t
 @ws
@t
 
¼ 0:
ð6Þ
This simple model allows accurate analysis of the perturbations in
the location of dispersion curves produced by the purely dissipa-
tive coupling elements. Where appropriate, the results of this
analysis will be compared with the results obtained for a non-
dissipative waveguide, in which spring elements are used instead
of dashpots. Solution is sought as wb ¼Wb expðikx ixtÞ,
ws ¼Ws expðikx ixtÞ. It is convenient to introduce the
non-dimensional parameters and write the equations of free
propagation of time-harmonic waves as:
ðak4  ieX dX2ÞWb þ ieXWs ¼ 0;
ieXWs þ ðbk2 þ 1 ieXX2ÞWb ¼ 0:
ð7Þ
The notations are: X2 ¼ msx2S , k ¼ kdimrg ;a ¼ EISr2g , b ¼
T
Sr2g
; d ¼ mbms ,
e ¼ Cﬃﬃﬃﬃﬃﬃ
Sms
p , where rg is the characteristic length scale, say, the gyration
radius of the cross-section of a beam. The coupling parameter e isFig. 5. Illustrative example: coupled system.small, so that classical perturbation methods may be used for the
asymptotic analysis. Equating to zero the determinant of the system
in Eq. (7) yields the dispersion equation, which is the polynomial of
the third order in k2. It is convenient to introduce the modal coefﬁ-
cient for each wave number, which satisﬁes the dispersion
equation:
M ¼Wb
Ws
¼ ak
4  ieX dX2
ieX
¼  ieX
bk2 þ 1 ieXX2
: ð8Þ
Since the dispersion equation has the polynomial form, the method
of dominant balance as described in Hinch (1991) is perfectly suit-
able to ﬁnd asymptotic formulas for its roots in various regions.
The dispersion diagrams for this waveguide are shown in Fig. 6.
The parameters are chosen as a ¼ 4; b ¼ 1:4; d ¼ 0:7. Black curves
are plotted for e ¼ 0, i.e. in the case of no coupling between a string
and a beam. Green curves are plotted for the light damping,
e ¼ 0:01, and red curves are plotted for e ¼ 0:05.
We are interested in the asymptotic analysis of the inﬂuence of
damping on the location of dispersion curves in the low-frequency
ðX! 0Þ and the cut-off ðk! 0Þ limit cases, as well as in the veer-
ing zone, not displayed in this diagram. In each case, it is possible
to obtain explicit formulas for the wave numbers to the leading or-
der and explore the roles of parameters involved in the problem
formulation.
4.2. The cut-off frequencies
The exact dispersion equation for e ¼ 0 is factorised to yield
k4 ¼ dX2a (the four branches of dispersion curves for the beam)
and k2 ¼ X21b (the two branches of dispersion curves for a string).
The asymptotic formulas for the perturbed wave numbers to the
leading order are k4 ¼ dX2a þ ieXa and k
2 ¼ X2þieX1b . As seen, the lead-
ing order correction to the ﬂexural wave numbers does not contain
parameters of the string, and, likewise, the leading order correction
to the axial wave numbers is independent on the parameters of the
beam. In the absence of damping, the cut-off frequencies, obvi-
ously, are Xflcutoff ¼ 0 and Xaxialcutoff ¼ 1. The dispersion diagrams in
Fig. 7 are plotted in the vicinity of these frequencies for the same
three cases as in Fig. 6.
The purely real non-zero cut-off frequencies do not exist for a
waveguide with damping, because all wave numbers are com-
plex-valued at any real-valued frequency. In such a waveguide,
the wave highly attenuated below cut-off frequency becomes
lightly attenuated (only due to the presence of damping) as theFig. 6. Illustrative example. Dispersion curves. Black lines: e ¼ 0; green lines:
e ¼ 0:01; red lines: e ¼ 0:05. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article).
Fig. 7. Illustrative example. (a) dispersion diagrams in the vicinity of Xflcutoff ¼ 0;
(b) dispersion diagrams in the vicinity of Xaxialcutoff ¼ 1. Black lines: e ¼ 0; green lines:
e ¼ 0:01; red lines: e ¼ 0:05. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article).
Fig. 8. Illustrative example. Dispersion curves. Black lines: e ¼ 0; green lines:
e ¼ 0:01; red lines: e ¼ 0:05. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article).
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set to zero). This was also shown in Simonetti and Lowe (2005). In
contrast with the model of weak coupling of a string and a beam
via distributed spring elements (Mace and Manconi (2012)), the
cut-off frequency for the ﬂexural wave number equals zero). How-
ever, its low-frequency (for the ﬁxed damping coefﬁcient) asymp-
totic behaviour features k  X1=4, rather than k  X1=2. This
difference is clearly seen in Fig. 7(a). The complex-valued wave-
number for a system with damping departs from the plane
Im(k) = 0 and it asymptotically tends to this plane as frequency
grows. This behaviour differs from the behaviour of dispersion
curves for a viscoelastic layer in the vicinity of X ¼ 0.
When e – 0, it is convenient to determine the wave number of
the dominantly axial wave at X ¼ 1, i.e. to ﬁnd how much the dis-
persion curve is ‘‘repelled’’ from the point ð1; 0; 0Þ in the space of
the dispersion diagram. To the leading order, this wave number
is given by the formula k ¼
ﬃﬃﬃ
ie
b
q
. Comparison of Figs. 3 and 7(b)
shows that the simple model captures the behaviour of dispersion
curve for a viscoelastic layer near the plane Im(k) = 0.Fig. 9. Illustrative example. Dispersion curves in the real and imaginary wave-
number plane, e ¼ 0:05. Blue lines: numerical solution; red lines: asymptotic
solution. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article).4.3. The veering effect
When e ¼ 0, dispersion curves cross each other at the ‘‘coinci-
dence’’ frequency Xc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ db22a þ b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4daþd2b2
p
2a
q
. The repeated wave
number is k2c ¼ db2aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4daþd2b2
p
2a . Obviously, the magnitudes of these
frequencies and wavenumbers are dependent on all parameters
of the waveguide. The dominant balance in the dispersion equation
is obtained with the scaling: X ¼ Xc þ bXe, k2 ¼ k2c þ K2e; bX  Oð1Þ;K2  Oð1Þ. The coefﬁcients bX and K2 have been found in closed
analytical form by means of the symbolic manipulator Mathemat-
ica 8.0. Dispersion curves shown in Fig. 8 are plotted in the veering
zone for the same parameters as in Figs. 6 and 7. It can be noticed
that, compared to the crossing in the (X,Re(k)) plane of dispersion
Fig. 10. Illustrative example. Modal coefﬁcient. Black lines: Re(M); red lines:
Im(M). (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article).
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‘‘repelled’’ from each other in the direction of Im(k) at the crossing
point. This is opposite to the veering in the (X,Re(k)) plane which
occurs in a waveguide with spring–type coupling elements, see
Mace and Manconi (2012).
The dispersion diagram plotted after the asymptotic formulas is
compared with the results of direct numerical solution for e ¼ 0:05.
Graphs in Fig. 9 show that these formulas are very accurate in the
veering zone. As also seen in Fig. 9, at the ‘‘coincidence’’ frequency,
one of the waves becomes purely propagating, whereas its coun-
terpart is more heavily damped than at other frequencies in the
considered range.
This effect has a simple physical explanation, which follows
from the inspection of the frequency dependence of the modal
coefﬁcient shown in Fig. 10. This is the modal coefﬁcient of the
wave with the purely real wave number at X ¼ Xc. At this fre-
quency, the amplitudes of displacements (and velocities) of both
components of the waveguide are the same and they move in
phase. It means that the dashpot elements are not activated and
the energy is conserved in this wave motion.
4.4. Relevance of the model problem
In a layer of the viscoelastic material considered in the previous
section, viscosity inﬂuences cut-off frequency and produces veer-
ing effect similarly to what seen in the dispersion diagrams in
Fig. 3. However, neither magnitude of the imaginary parts of the
wave numbers involved in the veering vanishes at X ¼ Xc , because
each individual mode has its own losses. It is also problematic to
identify the sub-waveguides interacting in the visco-elastic layer
due to the energy dissipation as well as the damping coefﬁcient
for their coupling. Therefore, the model considered here serves
for the qualitative analysis of the damping effects in the wave-
guides, in particular, in the viscoelastic layer.
5. Conclusions
A study on quantitative prediction and understanding of wave-
guide properties of viscoelastic plates in the framework of classical
Rayliegh–Lamb model is presented with the special attention to
the location of dispersion curves in the cut-off and veering zones.
Two classical cut-off scenarios are detected and compared in the
absence and the presence of damping. In each case, it is shown thatthe dispersion curves for a plate with damping smoothly follow
their counterparts for an undamped plate in 3D space (X, Re(k),
Im(k)), avoiding sharp turns onto and out of the Im(k) = 0 plane.
The veering scenarios in the absence and the presence of damping
are also compared. For damped waves, the curves presenting real
parts of complex-valued wavenumbers cross instead of veering
(as it occurs for an undamped plate). However, dispersion branches
avoid intersection by acquiring different imaginary parts of wave-
numbers. These features are thoroughly investigated and quanti-
ﬁed by means of the asymptotic analysis of the dispersion
relation for an illustrative model of a coupled waveguide. Analysis
of dissipation-induced perturbations in the location of dispersion
curves for the simple model explains general characteristics that
spatially damped wave modes have, or may have, in common.
Appendix A. The wave ﬁnite element (WFE) method
The WFE method is a numerical technique which combines FE
analysis, typically using commercial FE software, and the theory
of wave propagation in periodic structures. A detailed description
of the method for ﬂat and curved panels can be found in Mace
and Manconi (2008); Manconi and Mace (2009) and, for sake of
brevity, is not illustrated in details here.
Compared to the 2D formulation in Mace and Manconi (2008),
in this paper a 1D formulation (similar to those presented in Mace
et al. (2005)) is considered. In summary, a section of axial length L
is taken from the structure and meshed using a stack of FE ele-
ments as indicated in Fig. 1. In this paper, for example, plane ele-
ments in plain strain are used, but solid elements or other types
of elements can be used. The mass M and stiffness K matrices of
the FE model are typically found using commercial FE packages.
Damping can be included considering viscous matrix C or struc-
tural damping K ¼ K0 þ iK00 as in this paper, Mace and Manconi
(2008); Manconi and Mace (2010). Therefore FE equation of mo-
tion of the section becomes
Dq ¼ f; ðA:1Þ
where D ¼ Kx2M; is the dynamic stiffness matrix of the seg-
ment, while q and f are the nodal degrees of freedoms (DOFs) and
nodal forces.
The corner’s DOFs and nodal forces are then concatenated into
sets q ¼ ½qTL ;qTRT and f ¼ ½fTL ; fTRT associated with the left L and
the right R sides of the segment as shown in Fig. 1, and the FE equa-
tions of motion is partitioned into
DLL DLR
DRL DRR
	 

qL
qR
	 

¼ fL
fR
	 

: ðA:2Þ
Consider a plane wave propagating in the waveguide according
to
wðx; yÞ ¼WðyÞeiðkxþxtÞ; ðA:3Þ
where WðyÞ is the wave mode, x is the angular frequency and k is
the wavenumber. Under the passage of the wave, the nodal DOFs
are related by periodicity conditions, Brillouin (1953),
qR ¼ kqL; ðA:4Þ
where k ¼ eikL, while equilibrium at the left side of the segment
implies
I k1I
 
f ¼ 0: ðA:5Þ
The equation of motion of the segment is projected onto the DOFs
qL using Eqs. (A.4) and (A.5), providing a WFE reduced eigenvalue
problem whose solutions yield the dispersion curves and the wave
mode shapes. For spatially damped waves the real-valued fre-
quency is given and the (complex) wavenumbers are to be found.
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in k
½DLRðxÞk2 þ ðDLLðxÞ þ DRRðxÞÞkþ DRLðxÞqL ¼ 0; ðA:6Þ
which can be recast as a standard linear eigenvalue problem. Once
dispersion curves and wavemodes are obtained, a number of other
quantities can be evaluated. For example the forced response can be
found straightforwardly, Renno and Mace (2012).
Appendix B. The ﬁnite product (FP) method
The ﬁnite product method is unrelated to any discretization of
the waveguide into an array of elements of any type. Its point of
departure is the exact dispersion relations Eqs. (4) and (5). The
key idea is to immediately replace the sine and cosine terms by ﬁ-
nite-product polynomials, chosen to have the same roots as the
original sines and cosines in a ﬁnite region. After this step has been
taken, all calculations are performed with polynomials, and the
original transcendental dispersion relation is not used again, unless
accuracy analysis is required. The dispersion equations are re-writ-
ten as follows:
L43S2C1 þ K2L21C2S1 ¼ 0; ðB:1Þ
for symmetric modes, and
L43S1C2 þ K2L22C1S2 ¼ 0; ðB:2Þ
for skew-symmetric modes. Here Si ¼ SðL2i =4Þ;Ci ¼ CðL2i =4Þ,
L2i ¼ X2i  K2; i ¼ 1;2 and L23 ¼ 12X22  K2, where X is the angular fre-
quency. Furthermore, ðK;X1;X2Þ ¼ ðkh;xh=c1;xh=c2Þ. The func-
tions S and C are deﬁned by Sðs2Þ ¼ s1 sinðsÞ and Cðs2Þ ¼ cosðsÞ.
The use of S and C, rather than sine and cosine, helps avoid square
roots in equations, where the square roots ultimately cancel out in
pairs, and so maintains a polynomial form. The ﬁnite products are
deﬁned as follows:
Smi ¼
Ym
m0¼1
1 L
2
i
4ðm0pÞ2
 !
; Cni
¼
Yn
n0¼1
1 L
2
i
ð2n 1Þ2pÞ2
 !
; i ¼ 1;2: ðB:3Þ
If m ¼ 0 or n ¼ 0, the value of the corresponding ﬁnite product is
deﬁned as 1. Then the Eqs. (B.2) and (B.1) are approximated by:
L43Sm2Cn1 þ K2L21Cn2Sm1 ¼ 0; L43Sm1Cn2 þ K2L22Cn1Sm2 ¼ 0: ðB:4Þ
The dispersion curves presented in Section 3 (as the reference
solution) are obtained by means of the FP method with m ¼ 13
and n ¼ 14. At this level of approximation, the ﬁnite-product re-
sults are virtually undistinguishable from the results obtained
solving the original transcendental dispersion equations in theconsidered ðk;XÞ windows, while, at the same time, the computa-
tional effort to obtain the dispersion diagrams is profoundly less
with the ﬁnite products than with other methods.
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